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Summary

This note points out some inaccuracies in Sjéberg's solution
on the direct and indirect geodetic problems on the ellipsoid.
The shortcomings arise in the case of the indirect geodetic
problem if the endpoints of the geodesic are located on the
equator.

Zusammenfassung

Die von Sjoberg vorgelegte Losung der ersten und zweiten
Hauptaufgabe der Geoddtischen Linie auf dem Ellipsoid ist im
Falle der Berechnung der zweiten Hauptaufgabe unkorrekt,
wenn die Endpunkte der Geoddtischen Linie auf dem Aquator
liegen.

1 Solutions to the direct and indirect geodetic
problems on the ellipsoid

The rclassical« solutions to the direct and indirect geodetic
problems on the ellipsoid are based on power series. Un-
fortunately, for different precisions or for different dis-
tances, different voluminous power series are required.
I have introduced (Schmidt 1999) a solution for the cal-
culation of the direct and indirect geodetic problems that
employs a numerical integration (quadrature) with a small
set of formulas for all cases. Sjoberg (2006) proposes a
strict solution for the sphere with a correction to the el-
lipsoid determined by numerical integration.

2 Behaviour of the geodesic with endpoints on
the equator

2.1 Problems in Sjdberg's solution

In the case of the indirect problem (chapter 3b case iii,
if B1 = B = 0°), Sjoberg’s solution leads to incor-
rect results. This occurs when the endpoints P; (@1, A1)
and P (@7, A2) of the geodesic are located on the equator
(1 = @2 = 0°).

According to Sjoberg, the Clairaut constant c is given
by his equation (14a)

cos(DL)
t2, 4+ cos?(DL)

Cc =

(zfv 1/2006, pp. 35-39)

In his example 5.2a (A, = 31 = B> = 0%, A, = 50°),
Sjoberg computes the Clairaut constant as ¢ = 0.999403.
As a consequence, with 3, = 1° 58’ 48” and the azimuth
a1 = 88° 1’ 17” the geodesic runs north of the equator.

If this solution was correct, the results would be am-
biguous because there would be a second geodesic (with
identical but negative [3,,4x) running south of the equa-
tor. However, geodesics with AA < 179° cannot be ambi-
guous (see chapter 3). Thus Sjoberg’s solution is incorrect
in this case.

2.2 Correct solution for the geodesic with
endpoints on the equator

On the equator the sphere and the ellipsoid are identical.
Thus, the calculation of ¢;,;x with the latitudes @1 and
@, according to Moritz (1959) yield

tan @max

B Vtan2 @1 + tan2 @, — 2 tan @7 tan @, cos AA
B sin AA

(1)

tan Biaxr = V1 — e tan @y - (2)

Alternatively, the direct calculation of 3;,,, with the re-
duced latitudes 31 and (3

tan ﬁmax

_ \/tan? 1 + tan? B, — 2 tan 31 tan 3, cos AA
N sin AA

leads - with @1 = @ = 1 = 2o =0°, A1 =0° Ay =
50° - to the same results in which @0 = Bpmax = 0°
and therefore ¢ = 1 and azimuth a; = 90°. That means
that the geodesic follows the equator. The distance s be-
tween the endpoints of the geodesic can be derived from
a simple calculation of the arc of a circle with the radius
equal to the semi-major axis a of the ellipsoid:

(3)

s — azﬂ_(Az—Al)T{Ild
27
= a()\z — )\1) rad (4)
with
Ay —A1)°
Ay —M)rad = ( 218001) (5)

131.Jg. 3/2006 zfv | 153



Fachbeitrag

H. Schmidt , Note on Lars E. Sjéberg: New Solutions to ... (zfv 1/2006, pp. 35-39)

3 Behaviour of the geodesic in the neighbour-
hood of diametrically opposed endpoints

Assuming that - for the endpoints P;(¢1,A;) and
P> (@2, Az) of the geodesic - it holds

179°23' 36" < Ay — A1 < 180° (6)
and simultaneously
Q2+ @ < 364", (7)

then the course of the geodesic is ambiguous (Jordan/
Eggert/Kneissl 1959, §129). That means that there are two
courses of the geodesic with equal distances but different
azimuths.

Helmert (1880, p. 329) has defined this ambiguous re-
gion exactly. In this region, the calculations of @y, with
eq. (1) and By with eq. (3), respectively, fail, because
the denominators tend to zero (sin AA — 0). The »classi-
cal« methods of power series fail as well.

For the first time, I have solved the indirect geode-
tic problem in this ambiguous region by numerical
integration (quadrature) (Schmidt 2000). It has been
demonstrated for the ambiguous region that the Clairaut
constant ¢ decreases from ¢ = 1 to ¢ = 0 and By in-
creases from B, = 0° to Biax = 90°. That means that
in the case B1 = B> = 0° and A, — A} < 179° 23’ 38",
the geodesic follows the equator. In the ambiguous
region (from Ay — A7 > 179°23/39” to A, — A7 = 180°),
the geodesic leaves the equator and begins to »as-
cend« to the north (and south, respectively). Finally, in the

case Ap — A1 = 180°, the geodesic intersects the north
pole (and south pole, respectively). The behaviour of the
geodesics has been calculated and discussed in Schmidt
(2000, Table 3). An extract is given in Tab. 1.

References

Helmert, F.R.: Die mathematischen und physikalischen Theorien der ho-
heren Geodaésie, 1. Teil. Verlag B. G. Teubner, Leipzig, 1880.

Jordan/Eggert/Kneissl: Handbuch der Vermessungskunde, Band IV Ma-
thematische Geodisie, zweite Hélfte. Metzlersche Verlagsbuchhand-
lung, Stuttgart, 1959.

Moritz, H.: Eine direkte Losung der zweiten Hauptaufgabe auf dem Ro-
tationsellipsoid fiir beliebige Entfernungen. ZfV 84, S. 453-457,
1959.

Schmidt, H.: Losung der geodétischen Hauptaufgaben auf dem Rota-
tionsellipsoid mittels numerischer Integration. ZfV 124, S. 121-128,
S. 169, 1999.

Schmidt, H.: Berechnung geodétischer Linien auf dem Rotationsellipsoid
im Grenzbereich diametraler Endpunkte. ZfV 125, S. 61-64, 2000.

Sjoberg, L.E.: New Solutions to the Direct and Indirect Geodetic Pro-
blems on the Ellipsoid. zfv 131, pp. 35-39, 2006.

Author's address

Dr.-Ing. Hubert Schmidt

Geodatisches Institut der RWTH Aachen
Templergraben 55, 52062 Aachen

Tel. +49 (0)241 8095281
hubert.schmidt@gia.rwth-aachen.de

Tab. 1: Behaviour of the geodesic with the endpoints P;(¢;, ;) and Py(pa, Ay) on the
equator (p; = ¢; = 0°) of the International Hayford Ellipsoid

A — A\ Binaz distance s [m]
179°20' 0° (equator) 19964 080.968
179°23'38" 0° (equator) 19970822.247
179°23'39" +01°34'04" 19970853.166
-01°34'04" =" -
179°30' +34°23'20" 19981 603.278
-34°23'20" =0
179°59' +88°25'22" 20004 551.065
-88°25'22" =" -
180° +90° (meridian) 20004 576.598

-90° (meridian)
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"

azimuth o, azimuth o,
90° 270°
90° 270°
88°25'56" 271°34' 04"
91°34'04" 268°25'56"
55°36'40" 304°23'20"
124°23'20" 235°36'40"
01°34'38" 358°25'22"
178°25'22" 181°34'38"
0° 360°
180° 180°
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Comment to H. Schmidt's Remarks on
Sjoberg, zfv 1/2006, pp. 35-39

Lars E. Sjoberg

In general, H. Schmidt is right that Eq. (14a) of Sjoberg
(2006) with the two given points located on the equator
leads to wrong results (except for the longitude difference
close to ). However, this cannot be proved by Eq. (1)
[nor by Eq. (2)] of Schmidt’s note, because this equation
is only valid on the sphere. (For two given points on the
equator of the sphere, the equator is the great circle con-
necting the two points whenever the longitude difference
differs from s . In the latter case any great circle is a geo-
desic for the sphere.)

For the ellipsoid AL of Schmidt’s Eq. (1) should be sub-
stituted by DA, or the equation should be modified to
(Sjoberg, in press)

Jt +1] —2tt, cos(DA)

t =
an B sin(DA)

, (1)

where ¢, = tan 8, and DA = Al —dA.Here dA was given
by Eq. (6b) of Sjoberg (2006). For two given points lo-
cated on the same latitude Eq. (1) can be written

tanf .. =t [cos(DA[2), (2)
and
dA = —2é’cl

=-2¢’c I dx

sn B, N [l—l—\/l—ez(l—xz)}. (3)

If DA =, Eq. (2) yields, in the limiting case with the
two given points located on the equator, ¢, =t =0,
i.e. the Clairaut constant c equals 1. However, this re-
sult does not hold for DA = &, i.e. for the longitude dif-
ference with |7 — AA| <€’z /2 (approximately), in which

case the denominator of Eq. (2) becomes 0. In this case
the Clairaut constant follows from Eq. (3) and the equa-
tion @ = A —dA. The result is

~ 1—-=

201 e T

T — M %[ MJ, @

where I =~ /4 isthe integral of Eq. (3), which shows that
c decreases from 1 to 0 as AL goes from (approximately)
Jt(l:l:ezlz): 180" £36'09" (for e® set to 6.694x 107%)
and approaches 7.

»Ne nouveau sous le soleil«; the old great masters like
F.R. Helmert already knew the correct solutions from a
theoretical point of view. By taking advantage of today’s
technology we may only facilitate some computations. Of
course, this must be done properly with care.
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